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Sato, Suzuki, Nabeshima , ACGB on Varieties
discrete comprehensive $\mathrm{G}\mathrm{r}\dot{\mathrm{o}}\mathrm{b}\mathrm{n}\mathrm{e}\mathrm{r}$ Bases Von Neumann regular ring




Weispfenning[8] , Comprehensive Gr\"obner Bases ,
Gr\"obner basis .
Sato, Suzuki[4] , Alternative Comprehensive Gr\"obner Bases (ACGB) ) $\triangleright$
Comprehensive $\mathrm{G}\mathrm{r}\dot{\mathrm{o}}\mathrm{b}\mathrm{n}\mathrm{e}\mathrm{r}$ Bases . ACGB commutative Von Neum ann
regular ring $R$ $R[\overline{X}]$ Gr\"obner Bases . , $K$
, A- , $\overline{X}$ $K[\overline{A},\overline{X}]$ $F_{\overline{A}}$ $R\lfloor.\overline{X}$ ]
$F_{RA}$ . , $\mathrm{I}\mathrm{d}(F_{R\overline{A}})$ stratified Gr\"obner basis $G_{R\overline{A}}\subseteq R[\overline{X}]$
( $G_{R\overline{A}}$ ACGB ), . GRA- a-
$\mathrm{I}\mathrm{d}(F_{\overline{a}})\subseteq K[\overline{X}]$ reduced Gr\"obner basis $G_{\overline{a}}$ .
Discrete Comprehensive Gr\"obner Bases ACGB ACGB on Varieties
( ACGB-V . Sato, Y., Suzuki, A., Nabeshima, K.[5] t ) subset
.
ACGB-V , $K[\overline{A},\overline{X}]$ , $A$ affine
variety ACGB . affine variety zero-dimensional
radical ACGB-V discrete comprehensive Gr\"obner basis .
, specialization Stability of Gr\"obner basis , $K[\overline{A},\overline{X}]$






, $K$ $\overline{K}$ $\overline{a}$ $G$ $G_{\overline{a}}=$
$\{g1(\overline{a},\overline{X}), \ldots, g\iota(\overline{a},\overline{X})\}$ $\mathrm{T}\mathrm{d}(G_{\overline{a}})\subset\overline{K}[\overline{X}]$ Gr\"obner basis .
.
“ ” $I_{\overline{A}}=I\cap K[\overline{A}]$ zero-dimension] proper radical
. Sato[6] , , $K[\overline{A}]/I_{\overline{A}}$
Von Neumann regular ring $G\subset K[\overline{A},\overline{X}]$ $G\subseteq(K[\overline{A}_{\rfloor}^{\rceil}/I_{\overline{A}})[\overline{X}]$
. $G$ , Von Neumann regular ring
discrete comprehensive Gr\"obner basis , Gr\"obner basis 2
.
, 2 , $K$ [A-]/IA- $G$
, .
, 2 ACGB, ACGB-V, discrete comprehensive Gr\"obner basis
. 3 Stability of Gr\"obner basis ACGB , 4
2 $G$ .
2 Von Neumann regular ring and Gr\"obner Bases
21(Von Neumann regular ring)
$R$ 1 . $R$ Von Neumann regular ring ,
$\forall a\in R,$ $\exists b\in R$ $s.t$ . $a^{2}b=a$ .
.
, $b$ , $a$ idempotent $a^{*}=ab,$ $a$ quasi-inverse $a^{-1}=ab^{2}$ .
$a^{*}$ $a^{-1}$ $a$ .
$K$ , $K^{\tau n}arrow K$ K(K Von Neumann regular ring .
Von Neumann regular ring $R$ (monomial reduction) .
22(monomial reduction)
$R$ Von Neumann regular ring , $f_{j}g,p\in R[\overline{X}]$ $f,p\neq 0$ , $P\subseteq R[\overline{X}]$ .
,
(i) $f$ $t$ $p$ $g$ , $t\in T(f)$ , $s\cdot\in T(\overline{X})$
, $s\cdot \mathrm{H}\mathrm{T}(p)=t$ , $a\cdot \mathrm{H}\mathrm{C}(p)\neq 0$ ,
$g=f-a\cdot \mathrm{H}\mathrm{C}(p)^{-1}\cdot s\cdot p$ ( $a$ $f$ $t$ ),
, $f-_{p}g$ .
(ii) $f$ $p$ $g$ , $t\in T(f)$ , $f-_{p}g[t]$ .
, $farrow_{p}g$ .
(iii) $f$ $P$ $g$ , $p\in P$ , $f-_{p}g$ .
, $farrow \mathrm{p}g$ .
(iv) $f$ $p$ , $g\in R[\overline{X}]$ , $f-_{p}g$ .
.
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(v) $f$ $P$ , $g\in R[\overline{X}]$ , $farrow Pg$ .
.
$f$ p( $P$) , $f$ p( $P$)





, $t=\mathrm{H}\mathrm{T}(f)$ , $f$ (top-reduction) .
, $R[\overline{X}]$ Gr\"obner bases . ,
$R$ Von Neumann regular ring .
23(Gr\"obner basis)
$G$ $R[\overline{X}]$ . ,
$f\in \mathrm{I}\mathrm{d}(G)$ $farrow c0*$
, $G$ Gr\"obner basis . , $I$ $R[\overline{X}]$ , $I$ Gr\"obner
basis , Gr\"obner basis $G\subseteq I$ , $\mathrm{I}\mathrm{d}(G)=I$ .
, , Gr\"obner basis , –
Von Neumann regular ring Noether ,
. , , Gr\"obner basis
.
, reduced Gr\"obner basis , regular ring
. ,
.
24(stra ified Gr\"obner basis)
$G\subseteq R[\overline{X}]$ reduced Gr\"obner basis . $G$ 2 ,
(i) $g\in G$ , $\mathrm{H}\mathrm{C}(g)=\mathrm{H}\mathrm{C}(g)^{*}$ .
(ii) $g_{1},$ $g_{2}\in G$ , $g_{1}\neq g_{2}\supset \mathrm{H}\mathrm{T}(g_{1})\neq \mathrm{H}\mathrm{T}(g_{2})$ .
, $G$ stratified Gr\"obner basis . stratified Gr\"obner basis .
Sato, Suzuki[4] , ACGB , $K^{(K^{m})}$ terrace








$X_{n}$ , $F\subset K[\overline{A},\overline{X}]$ .
, $K^{(K^{m})}[\overline{X}]$ $\mathrm{I}\mathrm{d}(F)$ stratified Gr\"obner basis $G$ A-
$F$ ACGB .
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, $h\in K^{(\mathrm{A}^{\prime m})}[\overline{X}]$ , $h$ $c$ c\in K(K , $c(\overline{A})$
. $\overline{a}\in \mathrm{A}^{\nearrow m}$ , $h_{\overline{a}}$ $h$ $c(\overline{A})$ a- . ,
$G\subset K^{(K^{n\tau})}[X]$ , $G_{\overline{a}}=\{g_{\overline{a}}|g\in G\}$ .
26(Suzuki-Sato, 2003)
$F=\{f1(\overline{A},\overline{X}), \ldots, f_{s}(\overline{A},\overline{X})\}\subset K[\overline{A},\overline{X}]$ . $G=\{g_{1}, \ldots, g_{l}\}$ A-
$F$ ACGB . , $\overline{a}\in K^{m}$ $G_{\overline{a}}-\{0\}$ $K[\overline{X}]$
$\mathrm{I}\mathrm{d}(f1(\overline{a},\overline{X}),$
$\ldots,$
$f_{s}(\overline{a},\overline{X}))$ reduced $\mathrm{G}\mathrm{r}\dot{\mathrm{o}}\mathrm{b}\mathrm{n}\mathrm{e}\mathrm{r}$ basis .
Tntroduction , ACGB affine variety
. Sato, Suzuki, Nabeshima[5] .
27 (ACGB-V)
$K$ , $\overline{A}=A_{1},$ $\ldots$ , $A_{m},\overline{X}=X_{1},$ $\ldots,$ $X_{n}$ , $F\subseteq K[\overline{A}\overline{X}]\}$ .
, $I$ $K[\overline{A}]$ . , $K^{\mathrm{V}(I)}[\overline{X}]$ $\mathrm{I}\mathrm{d}(F)$ stratified Gr\"obner
basis $G$ A- $\mathrm{V}(I)$ $F$ ACGB-V .
28
$I$ $K[\overline{A}]$ , $F=\{f_{1}(\overline{A},\overline{X}), \ldots, f_{s}(\overline{A},\overline{X})\}\subseteq K[\overline{A},\overline{X}]$ . $G=\{g_{1}, \ldots, g_{l}\}$
$\overline{A}$
$\mathrm{V}(I)$ $F$ ACGB-V . , $\overline{a}\in \mathrm{V}(I)$
$G_{\overline{a}}-\{0\}$ $K[\overline{X}]$ $\mathrm{I}\mathrm{d}(fi(\overline{a},\overline{X}),$
$\ldots,$
$f_{\mathit{5}}(\overline{a},\overline{X}))$ reduced Gr\"obner basis .
29 (discrete comprehensive Gr\"obner basis)
$V\subseteq K^{m}$ $K[\overline{A}]$ , $F\subseteq K[\overline{A},\overline{X}_{\mathrm{J}}^{\rceil}$ . $\mathrm{I}(V)$
zero-dimensional , $\overline{A}$ $V$ $F$ ACGB-V discrete
comprehensive Gr\"obner basis .
discrete comprehensive Gr\"obner bases , ACGB ACGB-V
. ACGB $K[\overline{A}]$ computable Von Neumann regular ring ,
ACGB , discrete comprehensive Gr\"obner bases $K[\overline{A}]$
computable Von Neumann regular ring $K[V]\simeq K[\overline{A}]/\mathrm{I}(V)$ .
2.10
$I$ $K[\overline{A}]$ zero-dimensional proper radical , $F=\{fi(\overline{A},\overline{X}), \ldots, f_{s}(\overline{A},\overline{X})\}\subset$
$K[\overline{A},\overline{X}]$ . $G=\{g_{1}, \ldots, g_{l}\}$ A- $\mathrm{V}(I)$ $F$ discrete comprehensive
Gr\"obner basis . ,
(i) $G$ $K[\overline{A}_{7}\overline{X}]$ .
(ii) $\overline{K}$ $K$ , $\overline{a}\in \mathrm{V}(I)\subseteq\overline{K}^{m}$ $G_{\overline{a}}-\{0\}$ $\overline{K}_{1}^{\mathrm{r}}\overline{X}$]
$\mathrm{I}\mathrm{d}(f_{1}(\overline{a},\overline{X}),$
$\ldots,$
$f_{s}(\overline{a},\overline{X}))$ Gr\"obner basis .
$\mathrm{R}\mathrm{i}\mathrm{s}\mathrm{a}/\mathrm{A}\mathrm{s}\mathrm{i}\mathrm{r}$ Asir–$=-\square$ discrete comprehensive Gr\"obner basis
,
(1) $(K[\overline{A}]/I)[\overline{X}]$ $(K[\overline{A}]/P_{1}\rangle\langle\cdots \mathrm{x}K[\overline{A}]/P_{k})[\overline{X}]$ .
(2) $(K[\overline{A}]/P_{1}\mathrm{x}\cdots\rangle<K[\overline{A}]/P_{k})[\overline{X}]$ $(K[\overline{A}]/P_{1})[\overline{X}]\mathrm{x}\cdots \mathrm{x}(K[\overline{A}]/Pk)[\overline{X}]$ .
(3) $(K[\overline{A}]/P_{i})[\overline{X}],$ $(1\leq \mathrm{i}\leq k)$ Gr\"obner basis .
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(4) $(K[\overline{A}]/P_{i})[\overline{X}],$ $(1\leq \mathrm{i}\leq k)$ Gr\"obner basis $(K[\overline{A}]/P_{1}\mathrm{x}\cdots \mathrm{x}K[\overline{A}]/P_{k})[\overline{X}]$
.
(5) $(K[\overline{A}]/I)[\overline{X}]$ .
, (3), (4) discrete comprehensive Gr\"obner basis
, .
3 Stability of Gr\"obner basis and ACGB




$K$ : , $I\subseteq K[\overline{A},\overline{X}]$ : , , $I$ $K[\overline{A}]\subseteq K[\overline{A}]$ zero-dimensional proper radical
. $\overline{X}>>$ term order , $I\subset K[\overline{A},\overline{X}]$ Gr\"obner basis $G$ ,




$K$ : , $I\subseteq K[\overline{A},\overline{X}]$ : , , $I\cap K[\overline{A}]\subseteq K[\overline{A}]$ $\mathrm{z}\mathrm{e}\mathrm{r}\mathrm{o}rightarrow \mathrm{d}\mathrm{i}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{l}$ maximal
$\mathrm{K}\mathrm{s}$ . $\overline{X}>>$ term order , $I\subseteq K[\overline{A},\overline{X}]$ reduced Gr\"obner hasis $G$
, $G-G\cap K[\overline{A}]\subseteq(K[\overline{A}]/(I\cap K[\overline{A}]))[\overline{X}]$ , $G-G\cap K[\overline{A}]$ term order
, $(K[\overline{A}]/(I\cap K[\overline{A}]))_{\lfloor}^{\mathrm{r}}|\overline{X}]$ stratified Gr\"obner basis .
, $I\subseteq K[\overline{A},\overline{X}]$ , $I\cap K[\overline{A}]\subset K[\overline{A}]$ zero-dimensional maximal
$I$ Gr\"obner basis discrete comprehensive Gr\"obner
basis $I$ Gr\"obner basis 2 .
, $X>Y>t>A$ $I=\mathrm{I}\mathrm{d}(X^{2}-A, Y^{3}-A, X+Y-t, A^{2}-3)\subseteq$
$\mathbb{Q}[A, X, Y, t]$ Gr\"obner basis , $I_{A}=I\cap \mathbb{Q}[A]=\mathrm{I}\mathrm{d}(A^{2}-3)$ ,
$I_{A}$ zero-dimensional maximal )$\triangleright$ , 32 $I$ Gr\"obner basis $G$
, $G-G\cap \mathbb{Q}[A]$ , $(\mathbb{Q}[A]/I_{A})[X, Y, t]$ $X>Y>t$ stratified Gr\"obner
basis .
, $I$ $\mathbb{Q}[A, X, Y, t]$ Gr\"obner basis $G=(g_{1}, g_{2}, g_{3}, g_{4})=(A^{2}-3,$ $t^{6}-3At^{4}$ -
$2At^{3}+9t^{2}-18t-3A\overline{|}.3,$ $-1\neg[perp] 559Y[perp]_{1}(216A-1536)t^{5}[perp],$ $(81A-576)t^{4}+(5120*A-2160_{f}^{\backslash }t^{3}$
$(4992A-2106)t^{2}+(3816A-11724)t-2457A+17472,$ $-11559X+(-216A+1536)t^{5}+(-81A$
576)t $+(-5120A+2160)t^{3}+(-4992A+2106)t^{2}+(-3816A+23283)t+2457A-17472)$ ,
$G-G\cap \mathbb{Q}[A]=\{g_{2}, g_{3},g_{4}\}$ . , $I_{A}$ $I$ discrete comprehensive
Gr\"obner basis , $G’=(g_{1}’, g_{2}’, g_{3}’)=((64A+27)X-8At^{5}-3At^{4}+80t^{3}+78t^{2}+$
$(-120A+9)t$ $91A,$ $(64A+27)Y+8At^{5}+3At^{4}-80t^{3}-78t^{2}+(56A-36)t-91A,$ $(64A+27)t^{6}+$
$(-81A-576)t^{4}+(-54A-384)t^{3}+(576A+243)t^{2}+(-1152A-486)t+111A-495)$ ,




$\bullet I\cap K[\overline{A}]$ $\mathrm{m}\mathrm{a}\mathrm{x}\mathrm{i}_{1}\mathrm{n}\mathrm{a}1$ , lex order $(K[\overline{A}]/(I\cap K[\overline{A}]))[\overline{X}]$
Gr\"obner basis ?
$\bullet$ $I\cap K[\overline{A}]$ maximal ,
.






, $a\in \mathrm{V}(A^{2}-3)$ , $\hat{\grave{\mathrm{R}}^{1}\mathrm{J}}$ $I$ Gr\"obner basis $\alpha=a^{1/2}+a^{1/3}$
$\mathbb{Q}(a)$ . $G=\{g_{1}, g_{2}, g_{3}, g_{4}\}$ , $A,$ $t$ $g_{2}=$
$t^{6}-3At^{4}-2At^{3}+9t^{2}-18t-3A+3$ $A=a$ $t^{6}-3at^{4}-2at^{3}+9t^{2}-18t-3a+3$
$\alpha$ $\mathbb{Q}(a)$ .
, discrete comprehensive Gr\"obner basis $\alpha$
. $g_{3}’$ . ,
. $\mathrm{R}\mathrm{i}\mathrm{s}\mathrm{a}/\mathrm{A}\mathrm{s}\mathrm{i}\mathrm{r}$ Asir
discrete comprehensive Gr\"obner basis .
bench mark 1
$a\in \mathrm{V}(A^{n}+6)$ . $a^{1/2}+a^{1/3}$ $t$ .
$I_{1}=\{X^{2}-A, Y^{3}-A, X+Y-t, A^{n}+6\}\subset \mathbb{Q}[A, X, Y_{)}t]$ , $I_{1}$ $\mathbb{Q}$ Gr\"obner basis
$\mathbb{Q}[A]/\mathrm{I}\mathrm{d}(A^{n}+6)$ discrete comprehensive Gr\"obner basis .
, $A^{Tl}+6$ , $\mathrm{I}\mathrm{d}(A^{n}+6)$ zero-dimensional
maximal . $X>Y>t>A$ .
, CPU: Athion $2\mathrm{G}\mathrm{H}\mathrm{z}$ , RAM: $1\mathrm{G}\mathrm{B},$ $\mathrm{O}8$ :Vine Linux 26 ,
$\mathrm{I}\mathrm{d}(A^{n}+6)$ , $n=1,$ $\ldots,$ $60$ 1 .
bench mark 2
$a\in \mathrm{V}(A^{n}+2A^{n-1}+\cdots+2A+6)$ , $a^{1/2}+a^{1/3}$ $t$
$\mathrm{T}$ .
$I_{2}=$ {$X^{2}-A,$ $Y^{3}-A,$ $X$ $Y-t,$ $A^{n}+2A^{n-1}+\cdots+2A+6$} $\subseteq \mathbb{Q}[t, A, X, Y]$ , $I_{2}$ $\mathbb{Q}$
Gr\"obner basis $\mathbb{Q}[A]/\mathrm{I}\mathrm{d}(A^{n}+2A^{n-1}+\cdots+2A+6)$ discrete comprehensive Gr\"obner
basis . , $A^{n}+2A^{n-1}+\cdots+2A+6$
, $\mathrm{I}\mathrm{d}(A^{n}+2A^{n-1}+\cdots+2A+6)$ zero-dimensional maximal
. $X>Y>t>A$ .
, $\mathrm{I}\mathrm{d}(A^{n}+2A^{n-1}+\cdots+2A+6)$ , $n=1,$ $\ldots 60\rangle$
2 .
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$l.’ n \frac{\ovalbox{\tt\small REJECT}}{|\mathrm{D}|\mathrm{C}\mathrm{G}\mathrm{B}|\mathrm{C}\mathrm{P}\mathrm{U}\mathrm{t}\dot{\mathrm{u}}}\int$
ne






1 $||$ Total time 0.084669 010186 012191 013663 $0.133\mathrm{S}4||\ldots\cdot 016794$
$\ovalbox{\tt\small REJECT}^{0.\mathrm{o}\mathrm{s}}\mathrm{G}\mathrm{B}\mathrm{C}\mathrm{P}\mathrm{U}\mathrm{t}\mathrm{i}\mathrm{m}\mathrm{e}0.050.39.|00\mathrm{G}\mathrm{C}\mathrm{t}\mathrm{i}\mathrm{m}\mathrm{e}0.02.\cdot 16^{\cdot}0.\cdot 27.0.\cdot 36.\cdot\cdot..\cdot 1.9373|1.05|1.56|...5.82\mathrm{T}\mathrm{o}\mathrm{t}\mathrm{a}1\mathrm{t}\mathrm{i}\mathrm{m}\mathrm{e}0.0779780.526560.924113695193937.8765\cdot.\cdot..\cdot\cdot.\cdot$
$\mathrm{I}$ .10 .12 $i$ .13
$|$ 0.13384 $||$ $\ldots$
$\cdot$
0.16794 $\ldots$
1: $Ar_{1}=\{X^{2}-A, Y^{3}-A, X+Y-t, A^{n}+6\}$ , $\mathrm{I}\mathrm{d}(A^{n}+6)$
2 , $\mathbb{Q}$ Gr\"obner basis ,
, . , discrete comprehensive Gr\"obner
basis , .
, bench mark $\mathbb{Q}[A]/\mathrm{I}\mathrm{d}(A^{n}+6)$ $\mathbb{Q}[A]/\mathrm{I}\mathrm{d}(A^{n}+2A^{n-1}+\cdots+2A+6)$





, 1 $I\cap K[\overline{A}]$ zero-dimensional maximal
. , discrete comprehensive Gr\"obner basis
1 , , $K[\overline{A}]/(I\cap K[\overline{A}])$
Von Neumann regular ring , Von Neumann regular ring
. regular ring ,
. , regular ring idempotent quasi-inverse
, , , .
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